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Abstract. We prove that the singular locus of the moduli stack 
A^°'^^ given by the perfect cone or first Voronoi decomposition has 
codimension 10 if .g > 4 and we describe all singularities in codi- 
mension 10. 



1. Introduction 

By the theory of toroidal compactifications admissible GLg(Z)-in- 
variant tessellations of the rational closure S'>q of the space of positive- 
definite real quadratic forms in dimension g - also known as admissi- 
ble rational polyhedral decompositions or fans - give rise to so called 
toroidal compactifications of the moduli space Ag of principally polar- 
ized abelian varieties. This theory was first developed by Ash, Mum- 
ford, Rapoport and Tai |AMRT] and has since been used by numerous 
authors in geometric studies of moduli of abelian varieties. Toroidal 
compactifications have the property that the boundary is "big", i.e. 
has codimension 1. All toroidal compactifications dominate the Satake 
compactification A^^^ which is set-theoretically given by 

(1) * = A u Ag-i u . . . u A- 

In the literature three different types of decompositions have been 
studied in detail: the first Voronoi or perfect cone decomposition, the 
second Voronoi decomposition and the central cone decomposition, 
leading to the corresponding toroidal compactifications A^'^'^^, A^°^ and 
A^^^ correspondingly, see |Nam] for more details. In recent years the 
meaning of these various toroidal compactifications has been clarified. 
The central cone compactification has been identified with the Igusa 
compactification, a (partial) blow-up of the Satake compactification 
^Sat_ rpj^g second Voronoi compactification ^J""^ has a meaningful in- 
terpretation in terms of moduli of abelian varieties, roughly speaking 
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its boundary points correspond to degenerate abelian varieties, more 
precisely to semi-abelic varieties. For details the reader is referred to 
work by Alexeev |Ale] and Olsson |01s] . Finally the first Voronoi or 
perfect cone compactification is well behaved with respect to the min- 
imal model program. Shepherd-Barron |SB] has proved that A^'^'^^ has 
canonical singularities and that its canonical bundle is ample if g > 12. 
Thus A^*^"^^ is a canonical model in the sense of the minimal model 
program if g > 12. 

The construction of toroidal compactifications of the moduli space 
Ag very roughly works as follows. One first has to choose an admissible 
rational polyhedral decomposition of the rational closure S^q of the 
space of positive definite symmetric g x g matrices. This defines a 
compactification A^°^ of Ag as a compact analytic space by adding a 
stratum to each (orbit) of a cone in the chosen decomposition. The 
codimension of the stratum which is added equals the dimension of the 
cone. In the cases we have mentioned above the compactification A''°^ 
is in fact a projective variety. Naturally the geometric properties of 
A^°^ depend essentially on the properties of the chosen decomposition. 

In this note we are especially interested in the singularities of toroidal 
compactifications. These singularities arise in two different ways. First 
of all the symplectic group Sp{2g,'Z) has torsion (different from ±id). 
This gives rise to finite quotient singularities in Ag (unless the torsion 
element is a reflection, which only happens in genus g = 2). Simi- 
larly such quotient singularities can arise in the boundary of a toroidal 
compactification due to non-neatness of Sp(25f,Z). Such quotient sin- 
gularities are well behaved from an algebraic-geometric point of view 
and can for many considerations be neglected: if one replaces the group 
Sp(25f,Z) by a principal congruence subgroup T{i) = {g E Sp{2g,'Z) \ 
g = 1 mod £}, then for i > 3 this group is neat and in particular 
torsion free. Hence the corresponding level covers Ag{i) respectively 
A^°^{i) will not acquire such singularities. A second type of singulari- 
ties arises from "bad" behavior of cones a in the chosen decomposition. 
Recall that a cone a whose general element has rank g is called basic 
if the integral generators of its 1-dimensional faces can be completed 
to a Z-basis of Sym^(Z^). It is called simplicial if these generators 
can be completed to a Q-basis, in other words if the number of gen- 
erators of the cone equals its dimension. If a cone a is basic, then 
its corresponding stratum lies in the non-singular locus of A^°'^{i) for 
£ > 3, whereas simpicial cones give rise to finite quotient singularities 
by abelian groups, the group being the quotient of the lattice Sym^(Z^) 
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by the lactticc spanned by the integral generators of the cone. Non- 
simphcial cones give rise to more general singularities. Note that taking 
a level cover will not remove singularities which arise from non-basic 
cones, in other words they are singularities of the corresponding stack. 
We will refer to these singularities as the essential singularities, some- 
times these singularities are also called stacky singularities. 

Knowledge of the singularities of a toroidal compactification A*^°^ 
and its level covers is obviously of geometric interest. For g < 3 the 
first and second Voronoi decomposition as well as the central cone 
decomposition all coincide and all cones are basic. Hence there are 
no essential singularities in genus < 3. This changes in genus 4. All 
cones in the second Voronoi decomposition are still basic, but this is 
no longer the case in the first Voronoi or perfect cone decomposition, 
which in genus 4 coincides with the central cone decomposition. Here 
there is one non-basic cone, namely the perfect cone of the root lattice 
D4, which has dimension 10 and 12 rays, hence is neither basic nor 
simplicial. This defines the unique essential singular point in the 10- 
dimensional variety ^4*^^^^. This also means that for g > 4: the space 
A^^^^ will always have essential singularities in codimension 10 (or less). 
There is no a priori reason that the codimension of the essential singular 
locus of A^'^'^^ could not be less than 10 for g > 4:. Our aim is to show 
that this is not the case. We shall also classify the essential singularities 
in codimension 10 - as it turn out they all come from the root lattice 
D4. 



2. The Result 

We shall now work with the perfect cone or first Voronoi decompo- 
sition and its associated toroidal compactification A^^'^^. For a vector 
f G we write p{v) = vv^ for the corresponding rank 1 form and 
qv{x) = {Yli=i ^i'^if for the quadratic form. Any cone a of the perfect 
cone decomposition is of the form ^^^R+p(i>j). By dimo" we mean 
the dimension of a in Sym^(Z'''), which is equal to the codimension of 
the corresponding stratum in ^g®""^. 

Theorem 1. For following holds: 

(i) Every cone of dimension at most 9 in the perfect cone decomposi- 
tion is basic. In particular A^'^'^^ has no essential singularities for g < 3 
and the locus of essential singularities has codimension 10 if g > 4. 

(a) The only stratum of essential singularities in codimension 10 is 
the one of D4. 
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Proof. Let us take a cone a of dimension of the perfect cone decom- 
position generated by . . . , p{vm)- Denote by d the dimension of 
the lattice L = Zvi + ■ ■ ■ + Zvm- There exists a Z-basis {wi, . . . ,Wg} 
of such that {wi, . . . , Wd} is a Z-basis of the lattice (L ® M) fl Z^. 

As a consequence, the property that concerns us, namely that the 
family (p(fi))]^<j<jv^ is extensible to a Z- or Q-basis, can be considered 
by assuming that d = g, i.e. that L is a finite index sublattice of Z^. 

Since d < dim a we have a finite number of cases to consider. An im- 
portant tool in our work is the enumeration in |E-VGS] of the orbits of 
cones of the perfect cone decomposition in dimension g <7. Combined 
with the enumeration of 9-dimensional cones of the perfect cone decom- 
position (Lemma [2] for g = 8 and the 31 entries with s = r = s' = 9 
of Table 2, 3 and 7 of |KMSj for g = 9) this give us (i) after checking 
that all such cones are basic. 

Lemma [1] allows us to resolve the cases g = 8, 9 and 10 and dim a = 
10. Assertion (ii) then follows from the enumeration of all cones for 
g < 7 and checking that they are all simplicial except the one of D4. □ 

Lemma 1. Let a = + . . .'R+p{vm) be a cone of the perfect 

cone decomposition o/Sym^(Z^). Assume that (vi, . . . ,vm) span W 
and that dim a = g, g + 1 or g + 2. Then a is simplicial. 

Proof. We can find g linearly independent vectors (fi)i<i<g among the 
Vi that determine a basis of Q^. By using this basis, the vector space 
spanned by {p{vi))i<i<g can be identified with the space of diagonal 
g X g matrices. 

Suppose dimo" = g. If t> = J2i=i^i'^i with 7^ for at least two 
indices ii 7^ ^2, then p{v) is linearly independent of the p{vi) since the 
non-diagonal entry {ii, 12) is non-zero. So, if p{v) belongs to the vector 
space spanned by (p(fj))i<i<d then f is a multiple of one Vi and p{y) of 
p{vi) as well. 

Suppose dimo" = g + 1. We can find a vector v in L with p{v) in a 
linearly independent of the p{vi). After suitable scaling we may assume 
without loss of generality that v = X]i=i "^i with 2 < r < g. Suppose 
now that w = Yli=i ^i'^i with p{w) G a. Then there exist 7 and /3j such 
that p{w) = ■yp{v) + Pipivi) and we have the equation 



for the corresponding quadratic forms. From this it follows that we 
cannot have ajCtj 7^ for i > r + 1 and i ^ j- This implies that either 
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ctj 7^ only for one io > r + 1 ot ai = for i > r + 1. The first case 
leads to w = ai^Vi^ and p{w) a multiple of The second case 

leads us to a^aj = 7 for i,j < r and i 7^ j, so in particular 7^ 
for i < r. Assume now r > 3. At least two such ctj are of the same 
sign and so 7 > 0. So, all non-zero are of the same sign which 
we can assume positive. For all subsets S = {ii,i2,i3} of {l,...,r} 
the equations ai^^ai^ = Oii^oii^ = oii^Oii^ = 7 have the unique solution 
«ii = cti2 = ctis = a/7) so w is actually coUinear to f . In the case 
r = 2, we have Pi = for z > 3 and we can actually restrict the 
problem to the case of dimension n = 2. In that case the tessellation 
by perfect domains is actually the classical Modulfigur and all its cones 
are simplicial (see, for example, |Sch] ). 

Suppose dim a = g + 2. By the same argument as before we can find 
vectors of the form v = X]i=i "^j v' = X]f=i •^j'^j such that the set 
{p(t>i), . . . ,p{vg),p{v),p{v')} is a basis of the real vector space Vect a in 
Sym^(Z3) spanned by a. Let us write w = A^i^j and assume that 
p{w) G Vect ex. So, there exist ctj, (3, 7 such that in terms of quadratic 
forms we have 



By the preceding argument we can assume /3 7^ and 7 7^ 0. Assume 
r < g. Then 'jXiXg = f^i/ig for i < g. If = then /ij/i^ = 0. If 
fig then /ij = and w is coUinear to Vg. If /i^ = then we have 
necessarily ag = and the problem is reduced to a lower dimensional 
one. So, \g 7^ and by the same argument /i^ 7^ 0. So Aj = /Xj/t with 
K = /ig/ {■yXg) for i < g. Hence the quadratic forms p{v') and p{w) are 
multiples of each other on the restriction to the hyperplane a;^ = and 
the preceding argument for dim a = g + 1 allows us to conclude in that 
case. 

So r = g and we get for all i ^ j the equality (3 + •yXiXj = fiifij. We 
can assume that all A, and Hi are non-zero since otherwise we can do 
permutation between v, v' and w and reduce ourselves to the preceding 
case. We can also assume that (7 > 4 since the decompositions for g = 2, 
3 are known to be simplicial. Without loss of generality we can assume 
fig = 1. So, we get fii = (3 + •yXiXg and for 1 < i < j < (7: 








fiifij - (3 - ^XiXj 

(/3 + ikXg){/3 + 7A,A,) -13- 7A,A, 
(3^-P + + A,) + 7(7A^ - 1)A.A, 

a + 6(Aj + Xj) + cXiXj. 
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If ac 7^ IP' then there exists a fractional function cf) : P^(M) — t- P^(]R) 
such that Aj = 0(Aj) and o = Id. So, there are one or two possible 
values for Aj and if it is two then for any 1 < i < j < if Aj is 
one then Aj is the other. The restriction g > 4: implies that Aj takes 
only one value in this case. If ac = 6^ then we have c 7^ and (Aj + 
b/c){\j + b/c) = 0. So, no two Aj can be different from —b/c. If at 
least one of them, say Aj^ is different from —b/c and A^ as well then 
by selecting another index than g we reach a contradiction. So, all Aj, 
except possibly Xg, are equal. If they are all equal then v, v' and w 
are collinear. If they are not, then we obtain = for i < g and 
so the problem is restricted to the space ^fZl Xi = and so is two- 
dimensional. But we have already seen that all cones for g = 2 are 
simplicial. □ 

Lemma 2. There are 106 orbits of 9- dimensional cones in the perfect 
cone decomposition of the perfect cone decomposition in dimension 8. 

Proof. By Lemma[T]such cones are simplicial, i.e. of the form M+]9(t'i) + 
■ • • + M+j9(t'9), and without loss of generality we can assume that 
(fi, . . . ,vs) are independent. The 8-dimensional cones of the perfect 
cone decomposition in dimension 8 are classified in |Maj (see entries 
satisfying n = s = r = s' in Tableau 11.1 there) and there are 13 
such orbits. So, we can assume that {vi, . . . , Vg) is a representative of 
one of those 13 orbits. Let L be the sublattice spanned by these vec- 
tors. The index i{L) of the sublattice L of that they define satisfies 
1 < i{L) < 5. We can assume that {vi, . . . ,vs) is of maximal index 
among all nine 8-subsets of {vi, . . . ,vg). For any 1 < j < 8 we can 
define the lattice 

Lj = Zf 1 + ■ ■ ■ + Zt>j_i + Zf j+i + ■ ■ ■ + Zfg + Zwg. 

If Lj is full dimensional then the index i{Lj) of Lj is at most i{L) and 
so 

|det(t;i, . . .,Vj-i,Vj+i, . ..vs)\ G {1, . . . 

If Lj is not full-dimensional then the determinant is 0. So, there are 
2i{L) + 1 possibilities for the determinant and since there are 8 of 
them we have a priori (1 + 2i{L))^ possibilities. By using the exterior 
product, we can rewrite the equations as —5 < {wj.Vg) < 5 with Wj an 
integral vector. This defines a parallelohedron and we use the program 
zsolve from 4ti2 for enumerating its integral points [HM] . Then 
we use the automorphism group of the configuration (fi,...,t>8) for 
identifying the orbits. For each such orbit we first check that each of 
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the 8-subsets corresponds to one of the 13 orbits or is hnearly dependent 
and if so then we test if the candidate (fi, . . . , vg) is reahzable by using 
Algorithm 1 of |KMSj . We then remove isomorphic pairs among the 
cones thus obtained and get the 106 orbits. □ 

Remark. We would like to conclude the paper with some comments 
on the algorithm which was employed in the enumeration. An essential 
step is of course Lemma [T] which makes the enumeration feasible in the 
first place. Another point is the following: while the search space is 
of size comparable to (1 + 2i{L))^, the determinant of the matrix (wj) 
is i{Ly , which means that the number of integer solutions is actually 
reasonable and this allow zsolve to find all solutions. So, the condition 
that {vi, . . . ,vs} is of maximal index is the key to the enumeration. 
The total running time was 8 hours and is dominated by two aspects. 
One is the test for equivalence and computing automorphism groups of 
system of shortest vectors. The other is testing realizability of families 
of vectors. 

For a given shortest family V = (iwi, . . . , it's) the group G2 of ra- 
tional automorphism is of size 2^8!. In order to obtain the integral 
automorphisms, we first determine a subgroup Gi formed by transpo- 
sitions and sign changes (fj 1— )■ —Vi) which induce integral au- 
tomorphisms. The full symmetry group is then obtained by iterating 
over double cosets GihGi and keeping the ones that preserve V. 

For realizability tests, we use eigenvectors in order to get vectors of 
negative norms when the solution is not positive definite. The required 
number of iterations can be very large and in order to have reasonable 
time runs, we remove vectors which have large norm with respect to 
the linear programming solution. But if those vectors show up again 
in the process, we have to keep them till the end since otherwise we 
have the well known phenomenon of zigzaging. 

The method used for proving Lemma [2] could possibly be used in 
dimension 9 but the complexity would be much larger. Extending the 
work in j Sch] to dimension 10 is likely to be harder still. A simpler task 
would be to compute the cones of the perfect cone decomposition of 
dimension 8 + /c for k small and g = 8. Lemma [2] gives the list for k = 1 
and this is a much smaller number than that for perfect forms (10916 
for = 8 [DSV] ). Hence, this could be useful for group cohomology 
computations since the computation would be more manageable. 

Unfortunately, we are not aware of a general method for proving 
basicness without full enumeration. 
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There are examples of cones which are simphcial but not basic. One 
such example is given by the shortest vectors of the dual root lattice 
Ej (the index of the corresponding sublattice of Sym^(Z^) is 384). 

Question. If we take Vi = (1, 1) and V2 = (1, —1) then we get the 
formula 



showing that {qvi,qv2} cannot be extended to a Z-basis of Sym^(Z^). 
Of course {±Vi,±V2} cannot be realized as the set of shortest vector 
of a 2-dimensional lattice. This raises the following question. As- 
sume that {f 1, . . . ,Vg} are independent vectors with f j G Z^, such that 
{p{vi), . . . ,p{vg)} is a perfect cone. Is it true that this cone is basic? 
The answer is positive for < 9 as we have shown here. 
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